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In this note, we review how a few power inequalities, and related p-norm constraints for (ratio-
nal) p € (1,00), may be represented as second order cone programs. These results follow Alizadeh
and Goldfarb [1], who enumerate the reductions below and several more such inequalities.

Our starting point is to note that given a vector w € R™ and points z,y > 0, the constraint

[wlly <y

is equivalent to the constraint

2w
<z+y, v=>0,y=>0, 1
L), s =200 0
which is evident by squaring both sides and rearranging. Thus, we also obtain that the set of ¢, z,y
such that z,y > 0 and t?> < zxy is representable as a second-order cone. This insight allows us to

represent more complicated powers as second-order cones.

Products as second order cones

Consider the set of t € R, s € Rik such that
£2* < 8182+ Sok, S >0, all s;. (2)
We claim this set is SOCP representable. Indeed, introduce variables
{ugjrjef{l,....k—1}ie{l,..., 27}, u;; > 0}.
Then it is clear that the constraint (2]) is equivalent to

ok 2 2 2 2 .
t° < UL —1U2 —1 """ Ugk—1 15 Ui p—1 < 89;_182i, all i,

or
k—1 . —
tQ < UL f—1U2k—1 """ Ugk—1 f_ 1, uik,l < S9;_189;, alli € {1, e Qk 1}.
Recursively applying this construction through levels j = k—2,...,1, we obtain the set of inequal-
ities
t2 < U1,1U2.1, u?yjfl < U2i—1,5U25,j for j < {2, ceey k — 2},i € {1, ceey 2]'71}
uak_l < 89,_189; forie {1, ce, 2k71}, (3)

where all u; ; are non-negative. Each of these inequalities, by the representation (II), corresponds
to a second-order cone in Ri, and we have introduced 2¥ — 1 such inequalities.

Product inequalities as second order cones

We now provide reductions of inequalities of the more restrictive form

" < tPsP? it s >0 (4)



where p; + p2 = n and p1,p2,n € N, into a sequence of second-order cone-represented sets. This
is the building block for representations of general p-norm inequalities to come. In particular, we
develop a procedure that takes inequalities of one of the three forms

" < tP1gP2 (53)
" < P sP2y (5b)
x" < PPy (5¢)

and recurses with a power < (n+ 1)/2 on x and one of the forms (Bl). Note that if n = 2, then we
already have an immediate second order cone representation ().

(1) The case with u°, inequality (Ga)). We have two possibilities: either n is even or n is odd.

a. n is even: we assume that n > 4, as otherwise we have the inequality 2> < ts, which is
trivial. In this case, either both p; and ps are even or both are is odd. If they are even,
inequality (Bal) is equivalent to /2 < P1/2gP2/2 which gives us a recursive step. If p; is
odd, then ps is odd, and inequality (Gal) is equivalent to the pair

_ _ p1—1 po—1
o <Pty 2 <ts, or a2 <t s 7w, u? < ts,

which allows us to recurse to case (BL) with lower powers on s, ¢, and x.

b. n is odd: In this case, we have exactly one of p; and po is odd; assume w.l.o.g. that p; is
odd. Then inequality (5Ba)) is equivalent to 2"t < tP1~1sP2z¢, and introducing the variable
u > 0, we have the equivalent representation

e < lgr2y 2 2 < gt or xz <t 7 szu, ul<at
This allows us to recurse to case (Gh).
(2) The case u, inequality (BL). We again have two possibilities: either n is even or n is odd.

a. n is even: In this case, exactly one of p; and ps is odd; assume w.l.o.g. that p; is odd. Then
we have the equivalent representation

_ n r2
o <P P22 w? <tu, or z2 <t z ssw, w’<tu.

This is again an inequality of the form (BH]).
b. n is odd: In this case, either both p; and py are even or they are both odd. If they are both
even, then we have the equivalent inequalities

P1
2

n+1 P2
< rg2? W <gu, or z 2z <tzszw, w?<uzu,

which is again of the form (BD)). If both p; and p2 are odd, then we introduce a few more
variables, noting that inequality (Bh) is equivalent to

e <l lgpue, or 2™ <Prlgrzm gt 2 <o, w? < sty v? < ua,

n+1

and raising the inequality involving x to the power % yields the four inequalities

ntl Pl P2l o o 2 2
z 2 <tz s 2y, y Jwy, w <st, v <ux,

which is of the form (Bd).



(3) The case u?, inequality (Bd). We show that we can always reduce this to one of the cases (&).

a. n is even: In this case, either both p; and py are both even or they are both odd. If p; and
p2 are even, then inequality (Bd) is equivalent to z™/? < #P1/2sP2/2y, which is of type (Gh).
If p1 and py are odd, then we have the equivalent representation

" <t g2l 2g or 2t <t lgP iyt gt < 2w? w? < st

which (by inspection) is equivalent to the inequality of type (Gd) (along with an additional
two SOCP inequalities)

n p1—1 pa—1
z2 <t 2 5 2 y2, y2§uw, w? < st.

b. n is odd: In this case, exactly one of p; and ps is odd; assume w.l.o.g. that p; is odd. Then
inequality (Bd) is equivalent to

_ n+1 p1—1 po
"< lgr2 2ty or a2 <tz szl o <uw, w? <t

The preceding enumerated steps suggest a recursive strategy, where at each step, we check
which of the cases we are in, then perform a reduction to introduce at most three inequalities of the
form w? < wv, and reducing the powers on all other variables by a factor of 2. The recursion halts
as soon as we have an inequality of the form 2" < y™, or an inequality of the form z? < uv, which
is second-order-cone representable. Note that given an inequality of the form (@), we introduce at
most O(1) [logy(p1 V p2)] new inequalities via this recursion.

General (rational) p-norm cones as second-order cones

Now we show how to represent the inequality
n
[zll, <t, wherep= - for some n,m € Nyn >m (6)

for x € R? as a collection of second-order cones and linear inequalities. First, note that the
inequality

d
Z 751—77,/777,|l,i|n/m <t
i=1

d 1/p d m/n
(o)1 = ()
=1 i=1

is equivalent to the collection of inequalities s'1 < ¢, |xz]"/ m < g;t"/™=1 for all 4, which in turn is
equivalent to the set of inequalities

d
vi > Jal, £20, 8 >0, 0f <SP s <t
=1

We know this is SOCP representable by the recursions (&).

References

[1] F. Alizadeh and D. Goldfarb. Second-order cone programming. Mathematical Programming,
Series B, 95:3-51, 2001.



